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Proposed Modifications to Ice Accretion/Icing Scaling Theory

Alan J. Bilanin*
Continuum Dynamics, Inc., Princeton, New Jersey 08543

The difficulty of conducting full-scale icing tests has long been appreciated. Testing in an icing wind tunnel has
been undertaken for decades. While aircraft size and speed have increased, tunnel facilities have not, thus making
subscale geometric tests a necessity. Scaling laws governing these tests are almost exclusively based on analysis
performed over 30 years ago and have not been rigorously validated. The following work reviews past scaling
analyses and suggests revision to these analyses based on recent experimental observation. It is also suggested,
based on the analysis contained herein, that current ice accretion predictive technologies, such as LEWICE, when
utilized in the glaze ice accretion regime, may need upgrading to more accurately estimate the rate of ice buildup
on aerodynamic surfaces.

Nomenclature
Ac = accumulation factor
b — relative heat factor
C = chord or characteristic dimension
Cp = specific heat
d = cylinder diameter or drop diameter
E — internal energy
hc — convective heat transfer coefficient
hfs = latent heat of fusion
k — thermal conductivity
LWC = liquid water content
/ = mean spacing between drops
M = mass
R = drop radius
Rs = radius of impacted drop
s = arc length
T = temperature
Ta — air temperature
Tf = freezing temperature
Ts = surface temperature
t = time
ts = thickness of impacted drop
U^ = freestream speed
a = incidence angle
P = local collection efficiency
y = contact angle
6 = layer thickness
rj = freezing fraction
0 = air driving potential
\i = absolute viscosity
v = kinematic viscosity
p = density
a = surface tension
T = shear stress
<j> = water driving potential

Subscripts
a = air
w = water
/ = ice

I. Introduction

NASA Lewis Research Center and the Federal Aviation
Adminstration (FAA) are currently supporting efforts to

develop analytic tools to estimate the rate of ice accretion on
aerodynamic surfaces. Concurrently, these efforts are causing
a re-examination of the rules under which icing tests are
conducted in wind tunnels. Because of the inherent difficulties
of documenting icing conditions in the atmosphere in which
an aircraft will be flown and the costs associated with flight
tests, the use of icing wind tunnels and subscale models is
almost a necessity. Yet the basic physics of ice accretion is not
readily understood, whereas the problem of ice accretion on
aerodynamic surfaces has been known since nearly the earliest
days of aviation. To illustrate this lack of detailed understand-
ing, take, for instance, the nature of the ice accretions. Those
that occur at atmospheric temperatures significantly below
freezing at low speeds and liquid water contents that allow
impacting droplets to freeze immediately upon impact with a
surface are referred to as rime ice accretion. Conditions where
both liquid and ice exist on the surface of the ice are referred
to as glaze ice. These definitions of ice accretion types have
been in use for -some time now, yet there appears to be no
quantitative definiton of these ice regimes. For example, what
is the functional relationship between ambient temperature
and velocity for droplet impact at a stagnation point that
separates the rime ice accretion region from the glaze ice
regime? To our knowledge, this question has not been an-
swered.

One of several troublesome observations is associated with
the actual impact of the supercooled droplets with the surface
of the airfoil. Current analyses, and all previous analyses for
that matter, assume that the impacting drop sticks to the
surface and utilizes the collection efficiency schematically illus-
trated in Fig. 1. Recently, there has beeri an interest in the
impact of rain with aerodynamic surfaces,1 and although rain
drops are significantly larger than supercooled icing droplets,
a large fraction of the droplet mass that impacts the surface is
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Fig. 1 Definition of local collection efficiency.
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splashed back into the airstream.2 The ratio of the surface
energy to the kinetic energy of the drop prior to impact is

(Tw/a4nR2

(1)

Assume an incoming droplet of diameter 2R = 30 /zm at
32°F and a droplet impact speed of 400 ft/s (the surface
tension between water and air is approximately 0.5 x 10~2 lb/
ft, this ratio is of the order of 0-(10~3). The kinetic energy is
three orders of magnitude larger than the surface energy. If
we now assume that all the kinetic energy goes into the
surface energy of a droplet stuck to the surface, as shown in
Fig. 2, and approximate the droplet by a right circular
cylinder of radius Rs and thickness ts, conservation of energy
and mass yields

aw/s)

(2)

By assuming that awja ~ aw/s9 a 30-^m drop will become a
droplet on the impacted surface of diameter 2RS = 1300 ^m
with a thickness of ts ~ IQ~2 pm or about 100 water
molecules.

Admittedly, all the kinetic energy of impact does not go
into increasing the surface area of the impacting droplet, but
it seems hardly likely that these drops impact and do not
splash back. The fact that to date there have been tens of
investigators3"5 who have methodically computed the collec-
tion efficiency about complex aerodynamic shapes by assum-
ing that all of the impacted subcooled droplets impact the
surface and either freeze immediately or are carried along the
aerodynamic surface in a liquid film is somewhat surprising.
Lastly, it is most curious that investigators of the ice accretion
problem6"8 to date have not considered the dynamics of the
liquid film (although they most certainly acknowledge its
presence), the physical mechanisms that determine its thick-
ness, and the velocity of the water of which the film is made.
Much discussion of this fact will be made in the following.

Incomin
drop

Surface

Impacted
drop

Fig. 2 Schematic of a water droplet impacting and adhering to a
surface.

,8w(s,t)

Droplet diameter d

II. Buckingham-Ti Analysis of Icing Scaling
A brute force approach to the problem of scaling ice

accretion is attempted here to see if a set of similitude laws
can be obtained. These tests are to be conducted at subscale
and the results obtained are to be reliably extracted to full
scale. Figure 3 schematically shows the ice accretion process
on an airfoil of chord C. A test is to be conducted where the
ice thickness S^s, f) will be measured on the airfoil as a
function of time. As has been assumed in the rain impact
problem, evaporative processes are neglected.9 During the
encounter of an icing cloud, the air is nearly saturated, and
the neglect of additional evaporation and condensation is
likely a good approximation. In addition, as a simplification
in the analysis, the heat capacity of the aerodynamic surface
is assumed to be very small so that the thermal response of the
structure can be neglected. Under these assumptions, the
variables listed in Table 1 are assumed to influence the ice
accretion process. Note that the water layer thickness dw is not
a variable (although its presence is acknowledged) and does
not enter the nondimensional groups that will be derived.

Straightforward application of the Buckingham-Tr theory
yields the normalized thickness of the ice accreted on the
airfoil as a function of 18 nondimensional groups. Hence,

=/(7Tl5 7T2,...,..., 7T18) (3)

where

d
''t Pw

kn

.?*.
Vw

Tf

CpTa

7Tifi = 7T17 =

The implications of the n parameters are as follows. The
first two parameters are independent variables and need no
discussion. A reduction test airfoil dimension C requires that
droplet size be reduced by the scale reduction factor, as well
as the mean spacing between drops. Since water density is
essentially a constant, parameters 3 and 4 require that the
liquid water content be held constant between scaled tests.
This is essentially the result obtained when scaling for testing
subscale airfoils for heavy rain effects.9 Parameters ns-nl3 are
property ratios that can be readily matched between scaled
tests, especially since water and air are the fluids used at all
scales. The parameter nl3 is the well-known Prandtl number,
which measures the relative magnitudes of molecular and
thermal transport. Parameter n14 requires that the ratio of the
freezing temperature to the ambient temperature be held
constant. This is equivalent to maintaining a constant temper-
ature difference between scaled tests, but since the freezing
temperature of water is a constant, this restriction requires all
tests to be conducted at the same ambient temperature. If this
is done, then the ratio of latent heat of fusion to acoustic
speed squared, n15, is automatically satisfied.

The next three parameters, nl6-nls, require that the
freestream velocity vary as

Fig. 3 Schematic of the ice accretion process. = const, - 1/C, ~ 1/VC
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Table 1 Variables

Lengths
W, 0
d
t
C

Densities
Pa
Pw
Pi

Viscosity
va
vw

Thermal
ka
kw
k;

CP*c
Cpi
hfs
Ta
Tf

Surface
tension
GW/a
y

Velocity
ux
S
t

Description

Ice thickness
Drop diameter
Mean distance between drops
Chord

Air
Water
Ice

Air
Water

Thermal conductivity air
Thermal conductivity water
Thermal conductivity ice
Specific heat air
Specific heat water
Specific heat ice
Latent heat fusion
Air temperature
Freezing temperature

Water/air
Droplet contact angle

Air speed
Distance along airfoil
Time

Units

L
L
L
L

M/L3

M/L3

M/L3

L2/T
L2/T

ML/T3°
ML/T3°
ML/T3°
L2/T2°
L2/T2°
L2/T20

L2/T2

0

0

M/T2

M/T2

L/T
L
T

Table 2 Prior scaling analysis

Ref.

13
14
15
16
17
18

Scaling
analysis

Douglas Aircraft
Lockheed Aircraft
Boeing Aircraft
British Aircraft
ONERA
AEDC

Scaling parameters
held constant

AC

X
X
X
X
X
X

r\

X

X
X
X

b

X

X
X

0 9

X X
X X

respectively, in an attempt to keep the Mach, Reynolds, and
Weber numbers constant between scaled tests. Obviously this
is not possible, and not surprisingly the n method has failed to
provide a scaling methodology that can be used to test
subscale aerodynamic components. Curiously, by this ap-
proach, no methodology is identified that may be used during
full-scale ground tests, such as those performed on engines,10

which will allow a tradeoff of uncontrolled ambient condi-
tions.

In summary, the preceding discussion implies that although
there are many n parameters that are automatically satisfied
at subscale, there exists a problem holding Mach, Reynolds,
and Weber numbers constant between tests. Not surprising,
however, is that the complex phenomenon of ice accretion is
not a phenomenon that may be exactly scaled. This, however,
does not preclude seeking approximate scaling methodologies,
the subject of the discussion to follow.

III. Past Scaling Laws
Almost without exception, past analysis of ice accretion

scaling can be cast in a form that states that the rate at which

ice grows at a point on an aerodynamic surface is propor-
tional to the liquid inflow to this point times the fraction of
this liquid that freezes. (This is known as the freezing fraction
rj.) For convenience, this analysis has been explicitly written
down in the vicinity of a stagnation point as shown in Fig. 4,
and the generalization for other locations along the airfoil is
straightforward. The accretion rate at a stagnation point is,
therefore,

dpyc)
d(tUJC)' (4)

where LWC = pw(d/^)3 and /? is the collection efficiency. The
freezing fraction 77 is defined as the mass freezing/mass water
incoming. Note that Eq. (4) is nondimensional; exact and
scaled ice accretion exactly requires that

LWC$ a,
— — - 17 = Acr) = const

or that accumulation parameter Ac and 77 each be held
constant, which is what is normally attempted. The 77, which
is nondimensional, is not one of the basic n variables defined,
yet if it were accurately estimated from an analytical model as
a function of the variables discussed, scaling laws for ice
accretion could be deduced. The freezing fraction has been
computed by several investigators using a model proposed by
Messinger in 195 1.11 If evaporation is neglected in this model,

(5)

where

4> = Tf-T00-(U2/2CJJ

9 = Ts-T00-(U2/2Cpa)

b = relative heat factor

This is essentially the functional form of freezing fraction used
in the SIMICE code.12 Several authors have reviewed the
basis of 77, and it is not the purpose here to once again argue
the control volume heat balance upon which it is based. It is
important to note, however, that momentum transport from
the air to the liquid film, which must exist, and the surface
tension phenomenon are explicitly omitted in the derivation.

Table 2 shows the past application of the described scaling
methodology. Note that all researchers agree that Ac must be
held constant between scales, yet both Douglas and Boeing do
not attempt to hold freezing fraction constant between tests.
Note also that it is assumed in the derivation of the accumu-
lation factor that all incident droplets are either frozen or
transported in a water film on the surface. Splashing is
implicitly assumed not to exist in the current scaling method-

Uoo

LWC

Too

Fig. 4 Schematic of ice accretion at a stagnation point (not to scale).
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Table 3 Selected test data

Test

1
2
3
4

LWC,
g3

1.2
0.8
1.2
0.8

nm

0.35
0.35
0.6
0.6

nT

0.15
0.15
0.5
0.5

ologies. Even more surprising is the fact that four other
investigators attempt to hold some combinations of the addi-
tional parameters b, 6, and <j> constant as well as v\, even
though there is no physical basis to do so. The fact that, to
date, no one is claiming an acceptable scaling methodology
suggests that acceptable agreement with scaled data has yet to
be obtained. This is illustrated next.

Test 1

IV. Brief Examination of Data
The following discussion will consider ice accretion at the

stagnation point of a circular cylinder as shown in Fig. 4. This
location is selected since it represents the location at which
fluid flow conditions are most readily known and, therefore,
in principle, is most easily modeled. The growth of ice thick-
ness at the stagnation point s = 0 is exactly

2R = Acrj (6)

Time, min 2.5
A~ 0.47

Therefore, conducting several experiments where Ac and r\ are
individually held constant between experiments, or the
product of A cr] is held constant, should give geometrically
scaled ice accretions. It is again emphasized that if Ac and rj
are accurately computed analytically and held constant be-
tween two tests, the prediction of ice accretion and scaling of

1.85

Time, min 3.75 7.5
0.95

1
2

l.O-in.-diaro
l.O-in.-diam

LWC
g/m*
1.2
0.8

fps
200
200

oSF
23

24.8

psia
14.2
14.2

dm,
pm
20
20

tr

2.29
2.29

n

0.15
0.15

b

0.78
0.52

OF
8.2
6.4

6 ,
OF

10.9
8.2

Test 3

0.95

-Jo.
Time, min 2.5
A^ 0.47

5.0
0.95

7.5
1.42

Time, min 3.75
A 0.47

<**rr\
0.92

1

11.25
1.39

3
4

l.O-in.-diam
l.O-in.-diam

LWC.
g/m3
1.2
0.8

u«,
fps
200
200

To*y
5

11.5

PS,
psia
14.2
14.2

dm,
pm
20
20

KO
2 . 29
2.29

n

0.50
0.50

b

0.83
0.54

*,OF
26.2
19.7

* .oF
35.5
27.2

Fig. 5 Ice accretion on a l-in.-diam circular cylinder.18
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icing tests is a proven technology. To see that this is not the
case, we have taken data obtained by Ruff18 shown in Fig. 5
and have plotted the thickness of the ice accretion at the
stagnation point dt(o)/2R vs accumulation parameter Ac (see
Fig. 6). These four tests are significant in that tunnel speed
and the cylinder are common. Hence, the Reynolds number
based on cylinder diameter is a constant between the experi-
ments. As can be seen from Fig. 5, the slope of the data is the
measured freezing fraction rjT, and the predicted theoretical
freezing fractions using the SIMICE scaling code12 are tabu-
lated in the legend. The results are shown in Table 3.

Obviously something is very wrong here, since at lower
freezing fractions the theoretical SIMICE freezing fraction
differs from the measured value by a factor of 2.3. The
problem is that the freezing fraction v\ in Eq. (5) is not being
computed to sufficient accuracy using the Messinger formula-
tion.

As the freezing fraction approaches zero, it is to be antici-
pated that liquid film dynamics dominate the transfer of shear
stress to the surface from the airstream. Yet this transport
mechanism is omitted from all accretion models reviewed.
Also, not surprising then is the fact that theoretical ice
accretions are in greatest error when rj -> 0 and large amounts
of liquid water are transported about the airfoil surface.

V. Film Dynamics at a Stagnation Point
An investigation of scaling laws for testing under heavy rain

conditions9 led to a simple integral theory for film thickness
that involves the solution of two equations:

owU =
Pw

^sina (7)

d rr2. LWCUl .
— (dwU2) = ———— sma cosa +

(8)

As an example, Eqs. (7) and (8) may be written for the local
stagnation point flow around a cylinder (Fig. 4) where U is
the water velocity at the air/water interface, U0 the air velocity
along the surface, s the distance along the surface, and r((5)
the shear stress at the water/air interface.

For a stagnation point,

U0 = , sin(,y//0 (9)

cc
CO

7^=0.15

0.7 0.9
AC

Uw

Q Water

Ice

Cylinder

Fig. 7 Schematic of a stagnation/film-ice accretion model.

is the air potential flow along the surface of a cylinder.
Assuming laminar flow (for demonstration purposes only),
the stagnation point shear stress is given by Ref. 19:

(10)

(11)
where a is the angle between the drop trajectory and a tangent
to the surface at impact.

To estimate the film thickness possible at a stagnation
point, the given equations are solved for their zeroth-order
expansion in distance from the stagnation point. It may be
shown that the lowest-order effect is of the form

R ew Pw )
(12)

where

10.8 pa 1

Fig. 6 Stagnation point ice accretion on a l-in.-diam circular cylinder.

n PwRe

Re = RUJva

Rew = RUJvw

At 200 ft/s, the film thickness on a cylinder with 2R = 1 in. is
estimated to be Sw(o) ~ 0.001 in. or about 25 ̂ m, which is
nearly the diameter of the drop impacting the surface.

The preceding analysis, while admittedly approximate, does
confirm that a thin film is anticipated over the ice when
conditions of low freezing fractions are expected. These films
may modify the freezing fraction as described by Messinger in
a very direct way by providing surface roughness, which will
augment the heat transfer as well as provide thermal resis-
tance through which the latent heat of fusion must pass. Also,
splashback from this layer cannot be ruled out. It should be
noted that the Weber number, based on air dynamic pressure
for a layer of this thickness, is of the order of 102, which
suggests that the stripping of this film by the airstream may
also occur.

It is significant to note at this time that Olsen et al.20

photographed the microphysics of accretion at a stagnation
point and had confirmed the presence of liquid and runback
at the stagnation region. This work, however, indicates that
liquid beading is also observed, suggesting that the surface
tension neglected in the discussed analysis plays an important
role. While from the photographs it is difficult to estimate the
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Air

Surface

Stripping of drop by pressure

FQ - PQU2c2 Aero Force

Surface Tension Force

Stripping by shear

cr 2

shear % TC ya

Fig. 8 Forces acting on a droplet attached to a surface.

height of the droplets, it is clear that when surface tension is
acting, the film thickness estimates are low, and perhaps an
effective droplet height at least an order of magnitude larger
can be argued. This liquid roughness and, upon freezing, ice
roughness is known to greatly affect the local convection heat
transfer rate.21 Detailed observations of the stagnation region
have been made by Hansman and Turnock.22

VI. Freezing Fraction with Film Dynamics
Referring to Fig. 7, it is possible to develop a simple model

to estimate the effect of the liquid film on the freezing
fraction. Conserving mass and energy,

at
„— pw— -2

M

(Ts - 7»

(13)

(14)

(15)

(16)

A linear velocity and temperature profile has been assumed
in the liquid film. The heat transfer from the air to the liquid
film is

(17)= -kwd\Ts - Tf)/dw

The system of equations is closed when the shear stress on the
film by the airstream is equated to the shear stress in the film

too = HwUw/dw (18)

It is curious that in the vicinity of the stagnation point it may
be shown that the shear stress dominates the pressure gradient
for thick layers. It is straightforward to solve for Eqs. (13-18)
for

- 7»

"fs
(19)

The first two terms are the freezing fraction as described by
Messinger. The last term, which is proportional to the film
thickness, reduces the freezing fraction as a consequence of
the presence of the film. Dividing the Messinger heat-transfer
term into this film term yields the importance of the film in
the thermodynamics. This ratio is

Therefore, at a liquid water content of 1 gm/m3 and at cruise,
this ratio is about

0.02 <5w(mil)

With a 1-mil and 10-mil film layer, the effective heat trans-
ferred to the freestream is reduced by 2 or 20%, respectively.
This order-of-magnitude analysis indicates that a uniform film
analysis correction to the freezing fraction concept is not
sufficient to account for the observed differences between
measured and predicted stagnation point ice accretion. Aug-
mentation of the convective heat transfer coefficient by liquid
beading and ice roughness and errors in estimating the accu-
mulation parameter, possibly by splashback, are primary
candidates.

VII. Film Beading
It has been suggested that liquid film breakdown and film

beading are mechanisms that are suspected to influence the
freezing fraction. The growth of a droplet attached to a
surface in a stream will be controlled by n parameters 12, 17,
and 18. Figure 8 schematically shows a droplet on a surface
exposed to an airstream. The force holding the droplet to the
surface is surface tension and is of the order

•aC (20)

Both shear T and aerodynamic forces strip the droplet from
the surface:

By obtaining the ratio of the surface tension force to the aero-
and shear stress forces on the droplet, it is easy to show that
to properly scale droplet stripping, it is necessary to hold

7r17 = (t/ooC/vJ (Reynolds number)

z) (Weber number)

nl2 = y (Contact angle)

constant between scaled tests. If subscripts 1 and 2 denote
tests at two geometric scales,

__L = _^ _jjV£2_ i and y1 = y2

These icing tests can be undertaken using the Ac and r\
scaling laws. The surface tension can be changed using a
surface active agent that does not change the freezing temper-
ature, and the contact angle can be held constant by changing
the airfoil material. It is finally noted that Hansman and
Turnock22 have completed tests that repeated two icing condi-
tions in a wind tunnel where the only difference in tests added
a surfactant to the upstream spray. Very significant differences
in the accreted ice pattern were noted, strongly supporting our
conjecture that icing tests must scale properly the mi-
crophysics of liquid film dynamics and bead formation.
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VIII. Conclusions
It is argued that improved ice accretion scaling may require

a better match in Reynolds number and more accurate con-
sideration of the physics of water film and droplet dynamics
on the airfoil surface. Additional scaling parameters are pro-
posed which require that the surface tension phenomenon be
more accurately accounted for in wind-tunnel tests. An unfor-
tunate fact is that if proposed additional scaling parameters
prove to meet the requirements for conducting improved
subscale icing tests, wind-tunnel subscale tests are likely to be
even more restrictive.

Lastly, the phenomenon of droplet splashback cannot be
ruled out, and there is little justification for going to great care
in computing the impacting of droplets with a surface if
significant splashback occurs. It is strongly recommended that
tests be conducted in the near future to examine the question
of splashback.
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